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First Example: The Riemann zeta function

Recall the Riemann zeta function ζpsq “
ř

ně1
1
ns .

Multiplying by a gamma factor Γpsq “
ş8

0 ts´1e´tdt yields the completed zeta
function

Λpsq “ π´s{2Γps{2qζpsq

Functional equation Λpsq “ Λp1 ´ sq.
Call an integer m a critical value for ζ if neither m nor 1 ´ m are zeroes or
poles of the gamma factor π´s{2Γps{2q. The critical values are
m “ ´1,´3,´5, .. and m “ 2, 4, 6, ....
For m a positive even integer,

ζpmq “ p´1q
m
2 `1 p2πqmBm

2pm!q

For example

ζp2q “ 1 `
1
22 `

1
32 ` ¨ ¨ ¨ “

π2

6
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Deligne’s Conjecture on Critical Values of L-functions

General conjecture (Deligne): if L is a motivic L-function, then

Lpkq P pperiodq ¨ Q

at “critical values”.

One method to prove things about (automorphic) L-functions is to use
integral representations and properties of Eisenstein series.

A lot has been accomplished in this direction, starting with work of Shimura
for classical modular forms and then Harris for Siegel modular forms.

More recently: Horinaga-Pitale-Saha-Schmidt for the standard L-function on
GSp2n ˆ GL1, Eischen-Rosso-Shah for the Spin L-function on GSp6.
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Example: Holomorphic Modular Forms

A modular form f of weight ℓ and level 1 is a holomorphic function f : H Ñ C
satisfying:

▶ f pγpzqq “ pcz ` dqℓ f pzq for any γ “

ˆ

a b
c d

˙

P SL2pZq

▶ moderate growth condition
Modular forms have Fourier expansions:

f pzq “

8
ÿ

n“0

ane2πinz.

We call f a cusp form if a0 “ 0.
Let f and g be holomorphic modular forms with Fourier expansions

f “

8
ÿ

n“0

ane2πinz, g “

8
ÿ

n“0

bne2πinz

Define the product L-function

Lps, f ˆ gq “

8
ÿ

n“0

anbnn´s
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A result of Shimura

Theorem (Shimura)
Let f be a Hecke eigenform of weight ℓ and g a holomorphic modular form of
weight m ă ℓ. Then, when k is an integer satisfying 1

2 pm ` ℓ ´ 2q ă k ă ℓ,

π´ℓ Lpk, f ˆ gq

x f , f y
P Qp f qQpgq

Proof of theorem: Integral representation, control of Fourier coefficients and
properties of Eisenstein series, Maass-Shimura operators
Integral representation (Rankin, Selberg):

x f pzq, gpzq ¨ Enpz, sqy « Lps ` ℓ ´ 1, f ˆ gq,

where Enpz, sq is real-analytic Eisenstein series of weight n “ ℓ ´ m.
When s “ 0, Enpz, 0q is a holomorphic Eisenstein series of weight n. So

x f , g ¨ Enpz, 0qy « Lpℓ ´ 1, f ˆ gq,

which implies
π´ℓx f , f y´1Lpℓ ´ 1, f ˆ gq P Qp f qQpgq.
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A result of Shimura

We have the result for the right-most critical value in Shimura’s theorem.

To get algebraicity results for critical values to the left of ℓ ´ 1, use
Maass-Shimura differential operators

δn “
1

2πi

ˆ

n
2iy

`
B

Bz

˙

, δ
prq
n “ δn`2r´2 ˝ ¨ ¨ ¨ ˝ δn`2 ˝ δn

Then take a lower weight Eisenstein series of weight n “ ℓ ´ m ´ 2r.

Then δprq
n Enpz, 0q « En`2rpz,´rq and

x f , g ¨ δ
prq
n Enpz, 0qy « x f , g ¨ Eℓ´mpz,´rqy « Lpℓ ´ 1 ´ r, f ˆ gq.

Conclusion: algebraicity of π´ℓx f , f y´1Lpℓ ´ 1 ´ r, f ˆ gq
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A result of Shimura

Then δprq
n Enpz, 0q « En`2rpz,´rq and

x f , g ¨ δ
prq
n Enpz, 0qy « x f , g ¨ Eℓ´mpz,´rqy « Lpℓ ´ 1 ´ r, f ˆ gq.

Conclusion: algebraicity of π´ℓx f , f y´1Lpℓ ´ 1 ´ r, f ˆ gq

Inner workings: G “ g ¨ δ
prq
n Enpz, 0q is not a modular form, but integrating

against it is the same as integrating against a modular form G0.

The Fourier coefficients of G0 lie in QpgqQpEnpz, 0qq; this is one thing that the
Maass-Shimura operators do for us.

In fact G0 is proportional to the Rankin-Cohen bracket rg, Ensr,

rg, Ensr “ p2πiq´r
ÿ

a`b“r

p´1qa
ˆ

m ` r ´ 1
b

˙ˆ

n ` r ´ 1
a

˙

dag
dza

dbEn

dzb .
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Representation Theory

We can translate between modular forms and automorphic functions on
G “ SLp2,Rq. If f is a modular form of weight ℓ, define ϕ f : G Ñ C via

ϕ f pgq “ pcz ` dq´ℓ f pg ¨ iq.

Structure of G:

▶ Maximal compact subgroup K “ SOp2q “

"ˆ

cos θ ´ sin θ
sin θ cos θ

˙*

▶ Complexified Lie algebra g spanned by

Y “
1
2

ˆ

1 ´i
´i ´1

˙

,H “

ˆ

0 ´i
i 0

˙

, X “
1
2

ˆ

1 i
i ´1

˙

▶ Casimir element in the center of Upgq:

ΩG “
1
2

H2 ` XY ` YX
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Representation Theory

We can translate between modular forms and automorphic functions on
G “ SLp2,Rq. If f is a modular form of weight ℓ, define ϕ f : G Ñ C via

ϕ f pgq “ pcz ` dq´ℓ f pg ¨ iq.

Action of g and K:

▶ ϕ f

ˆ

g
ˆ

cos θ ´ sin θ
sin θ cos θ

˙˙

“ e´iℓθϕ f pgq

▶ For A in g,

Aϕ f pgq :“
d
dt
ϕ f pg expptAqq|t“0

f is holomorphic iff Yϕ f ” 0.
Xϕ f Ø p´4πqδℓ f
ϕ f generates some (quotient of) the holomorphic discrete series
representation πℓ
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Representation Theory

One can compute (Vergne) the restriction to a diagonally embedded
SL2 Ă SL2 ˆ SL2 of the tensor product of two holomorphic discrete series:

πm b πn �
8

à

j“0
πm`n`2 j.

Recall we started with an eigenform f of weight ℓ, a modular form g of weight
m, and an Eisenstein series of weight n “ ℓ ´ m ´ 2r.

If g is weight m, then it corresponds to a vector vm in the lowest K-type of πm;
similarly E corresponds to some vn P πn.

We need to compute the projection of vm b Xrvn P πm b πn to πm`n`2r in the
above isomorphism.

Here is one way: compute (up to scalar multiple) the linear combination

v “
ÿ

a jpX jvm b Xr´ jvnq

needed for ΩHv “ λm`n`2rv.
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Representation Theory

This process recovers the Rankin-Cohen bracket rg, Esr.
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Onto Quaternionic Groups

There is an integral representation for the order 8 adjoint L-function of
SUp2, 1q that uses an Eisenstein series on the exceptional group G2
(Hundley).

Both of these groups possess quaternionic discrete series (Gross and
Wallach); quaternionic modular forms (QMFs) are automorphic forms whose
archimedean component correspond to these.

QMFs have a robust theory of Fourier expansion and their Fourier
coefficients have arithmetic properties (Gan-Gross-Savin, Koseki-Oda,
Hilado-McGlade-Yan, Pollack).

One can hope to apply Shimura’s method to prove arithmeticity results for the
adjoint L-function of SUp2, 1q in the quaternionic setting.

In this talk, we focus on the ingredient of differential operators.
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Group Theory

The split octonions Θ over Q, for example as defined by the Cayley-Dickson
construction:

Θ “ tpx, yq : x, y P B “ M2pQqu.

Let G “ G2 be the automorphism group of Θ.

If v P Θ has squarefree norm D ą 0, then H “ StabGpvq is a subgroup of type
SUp2, 1q.

In more detail, Qpvq � Qp
?

´Dq and the orthogonal complement of Qpvq in Θ
is a 3-dimensional Qpvq Hermitian space.

For convenience, let v “

ˆˆ

1 0
0 0

˙

,

ˆ

0 0
0 ´1

˙˙

so that Qpvq “ Qpiq and

H ãÑ G is in “good position”.
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Group Theory

The maximal compact subgroups:

KG :“ SUp2qlong ˆ SUp2qshort{µ2 Ą SUp2qlong ˆ Up1q{µ2 “: KH

The Cartan decomposition: Let g be the complexified Lie algebra of G “ G2.
Then

g “ psl
long
2 ‘ slshort

2 q ‘ p

where p � V long
2 ‘ Sym3pVshort

2 q as a representation of KG.
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Picture and Notation: Root Diagram of G2
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Picture and Notation: Root Diagram of G2
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Picture and Notation: Root Diagram of G2

Bryan Hu April 18, 2026



Picture and Notation: Root Diagram of G2
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Quaternionic Modular Forms

Let n ě 1. There is a (limit of) discrete series representation πG
n of G “ G2,

with lowest KG-type Vn “ Sym2npV long
2 q ⊠ 1.

Definition (Gan-Gross-Savin, A. Pollack)
A quaternionic modular form (QMF) on G “ G2 of weight n is a smooth function
F : GpQqzGpAq Ñ V_

n satisfying:
1 Fpγgq “ Φpgq for all γ P G2pQq and g P G2pAq

2 Fpgkq “ k´1Φpgq for all k P KG and g P G2pAq

3 DnF “ 0 for a certain differential operator Dn

One can analogously make a definition for QMFs on H “ SUp2, 1q. These
are associated to quaternionic (i.e. “large” or “generic”) nonholomorphic
discrete series representations πH

n` r
2 ,m

of H, with lowest K-type

Sym2n`rpV long
2 q ⊠ Cpmq.
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On Discrete Series

The representation πG
n has KG-type decomposition

πG
n “

8
à

r“0
Sym2n`rpV long

2 q ⊠ SymrpSym3pVshort
2 qq.

The representation πH
n` r

2 ,m
has KH-type decomposition

πH
n` r

2 ,m
“

8
à

j“0
Sym2n`r` jpV long

2 q ⊠ pSym jpCp´3q ‘ Cp3qq b Cpmqq.

Theorem (H. Y. Loke)
For a nonnegative integer r, let rrs :“ t´r,´r ` 2, . . . , r ´ 2, ru. Then, as
representations of H,

πG
n |H “

8
à

r“0

à

mPrrs

πH
n` r

2 ,m
.
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On Discrete series

The representation πG
n has KG-type decomposition

πG
n “

8
à

r“0
Sym2n`rpV long

2 q ⊠ SymrpSym3pVshort
2 qq.

By Loke’s restriction theorem, there exists a unique line Ln
r,m in

SymrpSym3pVshort
2 q so that

Sym2n`rpV long
2 q ⊠ Ln

r,m Ď Sym2n`rpV long
2 q ⊠ SymrpSym3pVshort

2 qq

is the lowest KH-type of πH
n` r

2 ,m
in πG

n |H .
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On Discrete series

By Loke’s restriction theorem, there exists a unique line Ln
r,m in SymrpVGq so that

Sym2n`rpV long
2 q ⊠ Ln

r,m Ď Sym2n`rpV long
2 q ⊠ SymrpVGq

is the lowest KH-type of πH
n` r

2 ,m
in πG

n |H .
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On Discrete Series

Goal: Explicitly pin down Ln
r,m and how to get there from Sym2npV long

2 q ⊠ 1.

To move between KG-types: use elements of pr Ď Upgq.

More specifically, we will find find explicit formulas for elements Dn
r,m P Uppq

that take x2n in the lowest KG-type Sym2npV long
2 q ⊠ 1 of πG

n to to x2n`r in the
lowest KH type of πH

n` r
2 ,m

.

In applications, this is everything we need, thanks to equivariance properties
in the Fourier expansion of a QMF.

More specifically still, we will construct explicit elements
Dn

r,m P Crh´3, h´1, h1, h3s (whose action on x2n is well-defined, e.g. by PBW
theorem).
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The Highest Weight Operators

Start with a fixed weight n ě 1. Define, for r ě 0 and
m P rrs :“ t´r,´r ` 2, . . . , r ´ 2, ru,

An
r,m :“ ´

1
3

p4n ` r ´ m ´ 4qpr ´ m ´ 2q

p2n ` r ´ m ´ 4qp2n ` r ´ m ´ 2q

Bn
r,m :“ ´

1
9

p4n ` r ` m ´ 2qp3n ` r ´ 2qpn ` r ´ 1qpr ` mq

p2n ` r ` mqp2n ` r ` m ´ 2qp2n ` r ´ 1qp2n ` r ´ 2q

En
r,r :“ An

r,´r

Definition
Define recursively Dn

0,0 “ 1,Dn
1,1 “ h1,Dn

1,´1 “ h´1, and

Dn
r,m “ h´1Dn

r´1,m`1 ` An
r,mh´3Dr´1,m`3 ` Bn

r,mh3h´3Dn
r´2,m for m ă r.

Dn
r,r “ h1Dn

r´1,m´1 ` En
r,rh3Dr´1,m´3
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Dn
r,m “ h´1Dn

r´1,m`1 ` An
r,mh´3Dr´1,m`3 ` Bn

r,mh3h´3Dn
r´2,m
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The Highest Weight Operators

An
r,m :“ ´

1
3

p4n ` r ´ m ´ 4qpr ´ m ´ 2q

p2n ` r ´ m ´ 4qp2n ` r ´ m ´ 2q

Bn
r,m :“ ´

1
9

p4n ` r ` m ´ 2qp3n ` r ´ 2qpn ` r ´ 1qpr ` mq

p2n ` r ` mqp2n ` r ` m ´ 2qp2n ` r ´ 1qp2n ` r ´ 2q

En
r,r :“ An

r,´r

Theorem (H.)
Let x2n be a highest-weight vector in the lowest KG-type of πG

n . The vector Dn
r,mx2n

is a highest-weight vector in the lowest KH-type of πH
n` r

2 ,m
Ď πG

n |H .

In order to motivate the proof, and the formulas for Dn
r,m, we describe an

algorithm to explicitly compute Dn
r,m for any n, r,m.

Key: the Casimir element ΩH acts on πH
n` r

2 ,m
as a scalar λn

r,m that
distinguishes pr,mq.
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Algorithm

Start with v “ x2n in the lowest KG-type.
Dn

r,m is a linear combination of ha
´3hb

´1hc
1hd

3 with a ` b ` c ` d “ r and
´3a ´ b ` c ` 3d “ m. Let

X “
ÿ

Ra,b,c,d ¨ ha
´3hb

´1hc
1hd

3

be a general linear combination of such elements.
Calculate

pΩH X ´ XΩHqv “

´

ÿ

S a,b,c,d ¨ ha
´3hb

´1hc
1hd

3

¯

v,

where each S a,b,c,d is a Q-linear combination of all the R’s.
Linear algebra problem: Find Ra,b,c,d so that

pΩH X ´ XΩHqv “ pλn
r,m ´ λn

0,0qXv.

Then ΩH Xv “ λn
r,mXv and we can set Dn

r,m to (some normalization of) X.
Done!

Remark
This computation boils down to the commutators rΩH , hb

´1hc
1s. Inspecting these is

how one can “guess” the shape of the recurrence formulas for Dn
r,m.
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The real theorem statement

The Algorithm does not suggest a nice closed form formula; furthermore, a
recurrence relation is useful for working with the Fourier expansion of a QMF.

To prove that

Dn
r,mv “ ph´1Dn

r´1,m`1 ` An
r,mh´3Dn

r´1,m`3 ` Bn
r,mh3h´3Dn

r´2,mqv

is in the correct piece of Sym2n`rpV long
2 q ⊠ SymrpVshort

2 q, one computes the
commutator

rΩH , h´1s “ h´1

ˆ

2
3

´
1
3

hs ` hu

˙

` 2d´1eu ´
2
3

h´3es.

The only problematic term is es. Since es ¨ v “ 0, we need to understand
res,Dn

r,ms.

In the same vein, we need to understand r fs,Dn
r,ms.
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The real theorem statement

An
r,m :“ ´

1
3

p4n ` r ´ m ´ 4qpr ´ m ´ 2q

p2n ` r ´ m ´ 4qp2n ` r ´ m ´ 2q

Bn
r,m :“ ´

1
9

p4n ` r ` m ´ 2qp3n ` r ´ 2qpn ` r ´ 1qpr ` mq

p2n ` r ` mqp2n ` r ` m ´ 2qp2n ` r ´ 1qp2n ` r ´ 2q

En
r,r :“ An

r,´r

Theorem (H.)
Let x2n be a highest-weight vector in the lowest KG-type of πG

n . The vector Dn
r,mx2n

is a highest-weight vector in the lowest KH-type of πH
n` r

2 ,m
Ď πG

n |H .
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The real theorem statement

An
r,m :“ ´

1
3

p4n ` r ´ m ´ 4qpr ´ m ´ 2q

p2n ` r ´ m ´ 4qp2n ` r ´ m ´ 2q

Bn
r,m :“ ´

1
9

p4n ` r ` m ´ 2qp3n ` r ´ 2qpn ` r ´ 1qpr ` mq

p2n ` r ` mqp2n ` r ` m ´ 2qp2n ` r ´ 1qp2n ` r ´ 2q

En
r,m :“ An

r,´m

Fn
r,m :“ Bn

r,´m

Un
r,m :“

1
2

p4n ` r ` m ´ 2qpr ` mq

p2n ` r ` m ´ 2q

Vn
r,m :“

1
3

p4n ` r ´ m ´ 2qp3n ` r ´ 1qpn ` rqpr ´ mq

p2n ` r ´ mqp2n ` r ´ m ´ 2qp2n ` r ´ 1q

S n
r,m :“ Un

r,´m

T n
r,m :“ Vn

r,´m
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The real theorem statement

Theorem (H.)
Let n ě 1. Recall the (limit of) discrete series representation πG

n has lowest
KG-type Vn “ Sym2npV long

2 q ⊠ 1. Let v “ x2n P Vn be a highest weight vector. For
any r ě 0 and m P t´r,´r ` 2, . . . , r ´ 2, ru,

1 Dn
r,mv is an ΩH-eigenvector with eigenvalue λn

r,m, and Dn
r,mv P x2n`r ⊠ Ln

r,m

where Sym2n`rpV long
2 q ⊠ Ln

r,m Ď πG
n is the lowest KH-type of the unique

πH
n` r

2 ,m
Ď πG

n |H .

2 Dn
r,m “ h1Dn

r´1,m´1 ` En
r,mh3Dn

r´1,m´3 ` Fn
r,mh3h´3Dn

r´2,m

3 r fs,Dn
r,ms “ Un

r,mDn
r,m´2 ` Vn

r,mh´3Dn
r´1,m`1

4 res,Dn
r,ms “ S n

r,mDn
r,m`2 ` T n

r,mh3Dn
r´1,m´1
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Algebraicity Results

Ingredient 1, Integral representation: ✓

Ingredient 2, Control of Fourier coefficients / properties of Eisenstein series

Theorem (ongoing joint work with J. Johnson-Leung, F. McGlade, A.
Pollack, M. Roy)
The degenerate quaternionic Heisenberg Eisenstein series on G2 (and
B3,D4, F4, E6, E7, E8) can be normalized to have algebraic Fourier coefficients.

Cook these up: Let Π be a cuspidal quaternionic representation of
H “ SUp2, 1q. If φ P Π is an eigenform, then

Lpℓ,Π,Adq

xφ, φy
P πZ ¨ Qpφq.

To get algebraicity results for critical values to the left, we need Ingredient 3,
Differential Operators. This is what comes out of all the representation theory
discussed.
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Exceptional Maass-Shimura Operators

To get algebraicity results for critical values to the left, we need Ingredient 3,
Differential Operators. This is what comes out of all the representation theory
discussed.

Corollary (H.)
Let F be a QMF on G “ G2 of weight n. For any integers r ě 0 and
m P rrs “ t´r,´r ` 2, . . . , r ´ 2, ru, there is a differential operator Dn

r,m such that:

f “ pDn
r,mFq|H is a QMF on H “ SUp2, 1q of weight pn ` r

2 ,mq.

The Fourier coefficients of f are Qpiq-linear combinations of the Fourier
coefficients of F.
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Thank you!
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